Abstract. It is well-known that the m-th order cardinal B-spline wavelet, ψ m , decays exponentially. Our aim in this paper is to determine the exact rate of this decay and thereby to describe the asymptotic behaviour of ψ m .
Introduction.
Mallat and Meyer in [M, p. 225 ] define a wavelet, ψ, with the aid of a scaling function, ϕ, in L 2 (R), which function satisfies, among other things, a relation of the form (1.1)
ϕ(x) = j∈Z a j ϕ(2x − j)
for certain scaling constants a j ; indeed, (1.2) ψ(x) := j∈Z (−1) j a 1−j ϕ(2x − j).
The cardinal B-spline scaling function, and hence the wavelets they determine, are given in terms of the cardinal B-splines, N m . As in [C, p.17] , the latter are defined inductively by N 1 (x) = χ [0,1) (x) and N m (x) = 1 0 N m−1 (x − y)dy, m = 2, 3... One has N m ∈ C m−2 (R) for m ≥ 2. Moreover, it is supported in [0, m] and is equal to a polynomial of degree m−1 on each interval of the form [k, k +1), k = 0, 1, .., m−1.
Though the family {N m (x−j)} j∈Z is not an orthonormal system, it is possible to construct a scaling function, ϕ m , from it so that {ϕ m (x − j)} j∈Z is such a system. Indeed, one can take (We use the convention f (λ) = 1 √ 2π R f (t)e −iλt dt, λ ∈ R, for the Fourier transform.)
It is well-known that the m-th order cardinal B-spline wavelet defined by (1.2) in terms of the scaling constants of ϕ m decays exponentially; see, for example, [D, corollary 5.4.2, pp. 150-152] .
Our aim in this paper is to obtain the exact rate of the decay. Its principal result is Theorem A. The m-th order cardinal B-spline wavelet, ψ m , m ≥ 2, has the asymptotic form
as |x| → ∞, in which r j = |j| 2 and E j depends only on the sign and parity of j ∈ Z. The constant α 0 in (1.5) is given by The constants E j are given explicitly for j ∈ 2Z + in the proof of Theorem 6.2. There, they are expressed in terms of constants D m = D m (j) and D m+1 = D m+1 (j), which are themselves specified in the proof of Theorem 5.1.
Estimates similar to (1.5) are given in [Ci, Theorem 1] for the Franklin functions.
To prove Theorem A we need a representation of ψ m similar to the one for ϕ m in (1.3), namely,
As will be shown in Lemma 6.1 below,
where the a j appearing in (1.7) are the scaling constants for ϕ m . These constants are given by the formula 
The positive constant A is specified in the proof and B m−2 k is the final term in the finite recurrence sequence
Proof. The formulas (2.2) and (2.3) can be obtained directly from [Ch, p. 88, (4.2.10) ].
As for (2.4), we observe that, since 1 − 2λ cos θ + λ 2 = −4λ x + (λ + 1)
We claim that lim k→∞ B 1 k exists. Indeed, µ 1 > µ 2 > ... > µ m−1 > 0, so the claim will follow from the Lebesgue dominated convergence theorem for sequences once we show R(j, k) is bounded independently of j and k, 1 ≤ j ≤ k. But, on expressing the generalized binomial coefficients in terms of gamma functions and using the relation Γ(
, we obtain
.
and
An argument similar to the one involving the B 
exists, as asserted.
Corollary 2.2. Let c j be the Fourier coefficient in (1.2).Then, for j ≫ 1,
where A and B are as in Lemma 2.1.
Proof. According to Lemma 2.1,
Substitution in (2.6) and the observation that B m−2 k
3. The constants c j .
The purpose of this section is to prove Theorem 3.1. Let c j be given by (1.4). Then,
as |j| → ∞, where
Proof. According to Corollary 2.2,
The ratio of the k + 1-st term to the k-th term in the last series is
(ii) r(n) decreses until n = 2j 2 , after which it increases;
(iii) r(n) = 1 when
Then, according to [L, p. 274] , we have, for l = l 1 + h and |h| ≤ j 
Thus, with l = l 1 + h, we have, uniformly in h, |h| ≤ j 3 5 , 
as j → ∞ Again, when |h| > j 3 5 there exists ρ, 0 < ρ < 1, such that
, where 0 ≤ l ≤ l 1 + j 1 − ρ .
Altogether, then, (l 1 + 2j + 1)
Finally, then,
as j → ∞, where
Using the methods of section 3 one can prove Theorem 4.1. Suppose A, α 0 and µ m−1 are as in section 3 and let
is the last term in the finite recurrence sequence
here,
We only remark that the key difference lies in the d l of section 3 being replaced by
5. The scaling constants a j .
The purpose of this section is to prove Theorem 5.1. Let a j be the j-th scaling constant of the function ϕ m , given by (1.8). Then, with α 0 as in Theorem A and r = |j−m| 2 , one has
as |j| → ∞. Here, D j > 0 depends only on the sign and parity of j.
To do this we require
. Then, the scaling constant
Proof. According to [D, p. 148 ] the cardinal B -spline, N m , satisfies the scaling relation
From formulas (1.3) and (1.9) we then have
Thus, (5.2) holds, in view of the scaling relation (1.1).
Proof of Theorem 5.1. For j >> 1. Fix i in (5.2), say i = m + 2n i , and consider
To begin,
6. The constants γ j .
We here study the asymptotic behaviour of the constants γ j in (1.6). A formula for them is given in Lemma 6.1. The constants γ j are given in terms of the constants a j and c j by
Proof. Using the formulas (1.2) and (1.3) for ψ m , and ϕ m respectively, one obtains
which proves (6.1).
Theorem 6.2. Let γ j be given by (6.1) and suppose α 0 is as in Theorem A. Then, with
as |j| → ∞, in which E j depends only on the sign and parity of j.
Proof. For j >> 1 and j ≡ 0. We write
Next, 
